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Abstract: We compute the low energy decay rates of near-extremal three(four) charge black
holes in five(four) dimensional N = 4 string theory to sub-leading order in the large charge
approximation. This involves studying stringy corrections to scattering amplitudes of a scalar
field off a black hole. We adapt and use recently developed techniques to compute such am-
plitudes as near-horizon quantities. We then compare this with the corresponding calculation
in the microscopic configuration carrying the same charges as the black hole. We find perfect
agreement between the microscopic and macroscopic calculations; in the cases we study, the
zero energy limit of the scattering cross section is equal to four times the Wald entropy of the
black hole.
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1. Introduction and summary
One of the spectacular successes of string theory has been the development of the idea that a
black hole can be viewed as a bound state of extended objects – strings and branes wrapped
around various compact cycles of spacetime. At large string coupling, the Schwarschild radius
of these objects is larger than the Compton wavelength and they are described as black hole
solutions to the effective action of string theory. At small string coupling, the small fluctuations
of these branes can be described using field theoretic methods. Much of the quantitative
development of this idea has happened via the comparison of physical quantities computed
using different methods in the two limits. In this manner, one has gained an understanding of
the quantum properties of black holes through their description as a collection of microstates.
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The most developed calculations have been those of the entropy of extremal black holes,
for which one has now an extremely detailed understanding in supersymmetric situations as
arising from a counting of BPS states carrying a certain set of charges, in the limit that the
charges are large. Indeed, starting from the work of [1] where the first such counting was
performed with numerical agreement, the understanding has now developed much beyond the
leading asymptotic agreement of the degeneracy. One now understands sub-leading perturbative
corrections to the leading asymptotic degeneracy in terms of higher derivative corrections to the
string effective action [2] and the application of the more general Wald formula which replaces
the Bekenstein-Hawking area law (see [3] and references therein). In situations with N = 4
supersymmetry, these calculations have been pushed to non-trivial regimes where all but one
of the charges are finite [4]. One can even compute non-perturbative contributions to the black
hole entropy [5, 6].
This spectacular agreement of the black hole entropy calculations comes about because it
is essentially governed by an underlying supersymmetric index [4] which does not change under
continuous deformations of the moduli1. For a general physical quantity, there is no a priori
reason that the calculations done in the microscopic and the macroscopic regimes should agree.
A more dynamical observable is the rate of decay of black holes due to Hawking radia-
tion. This quantity is inherently non-BPS because in order to decay the black hole must be
excited away from extremality, i.e. be at a non-zero temperature. This quantity was computed
for string theoretic black holes [8] and the microscopic and macroscopic decay rates of near-
extremal black holes were also found to agree at low energy to leading order in the large charge
approximation [9]. This agreement was then understood using a non-renormalization theorem
on the supersymmetric moduli space of D-branes [10], and then extended to a larger regime of
parameter space [11].
It is an interesting question whether this agreement of the decay rate of black holes and
D-branes holds beyond the leading large charge approximation. In this paper, we answer this
question in the affirmative for a certain class of black holes in N = 4 string theory.
Since the area of the horizon scales as a positive power of the charges, these corrections can
be viewed as finite size effects to the scattering problem. On the macroscopic side, this involves
the addition of higher derivative terms to the effective action of string theory suppressed by
the string scale ℓs, and the computation of the black hole decay rate in this four derivative
theory. On the microscopic side, the problem involves a statistical ensemble of the states of a
conformal field theory wherein the large charge limit corresponds to the thermodynamic limit.
The corrections involve a detailed computation of the finite size effects in this statistical system.
1There could of course be discrete jumps related to the appearance of multi-centered black hole bound states,
how to single out the single-centered black holes out of the microscopic index is an interesting question which
has can be answered in special circumstances [7].
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1.1 The macroscopic calculation
The quantum mechanical decay rate of black holes was first computed by Hawking [12]. For
an observer at asymptotic infinity, the rate of decay into a field quantum of a given frequency
is given by a purely thermal factor multiplied by the grey-body factor which arises due to the
effective potential that the black hole creates outside the horizon for the propagation of a test
particle in the background geometry of a black hole. This frequency dependent grey body
factor is equal to the cross section of absorption σabs(ω, ki) of the corresponding field quantum
with energy-momentum (ω, ki) by the black hole. By the optical theorem, this cross section is
proportional to the imaginary part of a two point function of the quantum field.
The zero-frequency limit of this absorption cross section σabs ≡ limkµ→0 σabs(kµ) is an
interesting quantity that is relevant in many physical contexts. For a minimally coupled scalar
field in Einstein gravity, it is equal to the horizon area of the black hole, a result known to
be universally true, independent of the specifics of the solution (similar results are known for
higher spin fields) [13].
We would now like to compute the scattering cross section of a black hole in asymptotically
flat space in a higher derivative theory of gravity. There are many issues to deal with here,
both technical and conceptual, some of which are discussed in [14]. We shall, however, use a
different method of computation in this paper which we describe below.
At the technical level, a notable feature of the result of [13] is that the low energy cross
section is equal to a quantity (the area) which can be determined by a calculation performed
purely at the horizon, and one wonders if this is true more generally. For black holes in two-
derivative gravity in asymptotically anti de Sitter spaces, it has been shown [15] that a quantity
similar to the cross section can be evaluated at the horizon. It is also known that this feature
persists in higher derivative theories of gravity in AdS [16], and the low frequency cross sections
can always be computed by an effective coupling in the Lagrangian evaluated at the horizon
[17], [18], [19], [20]. An elegant algorithm for computing these couplings for any Lagrangian was
developed in [16]. This method which gives a result reminiscent of the Wald entropy formula
was called the pole method. In this paper, we shall use this method, suitably adapted to flat
space, to compute the low energy cross section of near-extremal black holes.
Our macroscopic analysis already throws up an interesting result. In the two derivative
case, the cross section was equal to the horizon area which is equal to four times the Bekenstein-
Hawking entropy. The two-derivative answer can be interpreted as saying that the scattered
particle (or wave) interacts with each degree of freedom with equal probability, and the cross
section simply measures the number of effective degrees of freedom, all of which live at the
horizon. Once we go beyond the two derivative theory, we can now longer trust geometric
concepts fully, and many geometric concepts receive stringy corrections2. A natural guess for
2Indeed, this has been observed in many examples in string theory like in orbifolds, or the metric of moduli
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the scattering cross section that would generalize to higher theories of gravity will therefore
not be the area, but (four times) the entropy of the black hole, a concept which is believed to
persist in any theory of gravity.
In the examples that we consider, namely near-extremal three (four) charge black holes
in five (four) dimensional classical superstring theory, we find that at very low energies the
scattering cross section of a scalar field is equal to four times the Wald entropy of the black
holes. We find this result intriguing and we shall make some comments on it in the discussion
at the end.
1.2 The microscopic calculation
The microscopic model of the black hole is that of a system of D-branes with open string
excitations carrying momentum and energy. When the system is away from extremality, it can
decay by a process in which open strings combine into a closed string and escape to infinity. At
low energies, this process is dominated by a process where two open strings become a massless
closed string mode. In the infinite charge limit, one recovers the black hole grey body factor
from a decay rate calculation of this D-brane system in flat space [9].
This surprising result was understood as arising from the thermal nature of the open string
fluctuations of the slightly excited D-brane system. In the low energy limit, the relevant fluc-
tuations are the excitations of a 1 + 1-dimensional superconformal field theory. When the
momentum on the string i.e. the number of excitations of the SCFT is small compared to
the central charge (the dilute gas approximation), the interactions of the left and right movers
can be neglected, and the decay rate is proportional to the entropy of the system. In the
infinite-charge, zero-frequency limit, the cross section is simply the extremal black hole entropy
in Planck units σabs = 4GNS.
To include finite size effects, one crucial issue is the choice of thermodynamic ensemble.
For computations of the quantum extremal black hole entropy, the AdS2 boundary conditions
force the system into the microcanonical ensemble where all the charges and energy of the
black hole are fixed [22]. For our decay rate problem, the black hole interacts with the external
environment, and it is not a priori clear which ensemble to use. It turns out quite simply that the
ω → 0 limit forces us to consider the system in the canonical ensemble with fixed temperature.
Given that the gravity calculation is also naturally done in the canonical ensemble, it is then
natural to make a comparison between the two.
We find that the cross-section of absorption of a scalar bulk mode in the ω → 0 limit in
the systems we consider is given by the same formula σabs = 4GNS, but now S is the full
microscopic entropy of the system including the finite charge corrections. We note here that
although we derive this formula for a specific system in string theory, from our derivation it is
spaces [21].
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clear that the form of the answer only depends on there being an effective string description at
low energies.
1.3 String theory setup
In this paper, we shall consider supersymmetric black holes in N = 4 string theory compactified
to four and five dimensional flat space. These black holes preserve 1/4 of the supersymmetries
of the theory. They have been studied extensively in the context of entropy counting [3]. The
N = 4 theories have a large number of scalar and vector fields which are turned on in a generic
1/4 BPS solution. One can however use the large duality group of the theory to obtain a simple
representation of the system in a certain duality frame.
In the four-dimensional theory, the simplest system with non-zero horizon area carries four
types of charges. In the type IIB duality frame, the spacetime is R3,1×S1× S˜1×K3. The black
hole carries charges corresponding to Q1 D1-branes wrapped on S
1, Q5 D5-branes wrapped on
K3× S1, n units of momentum on S1 and a KK monopole corresponding to the S˜1 circle.
In the five dimensional theory, the circle S˜1 becomes non-compact. The black hole now
has three charges and is related to the above one by the 4d-5d lift [23]. This is the well-studied
D1-D5-P system on a K3×S1 compactification of IIB string theory [1]. We shall also consider
these systems in the dual heterotic frame.
The macroscopic theory is described by the effective action of string theory to four derivative
level [24, 25, 26]. The microscopics of these systems are also understood in great detail. In
particular, the degeneracy (in reality a supersymmetric index) of the 1/4 BPS states have
explicit exact formulas. In the 4d theory, this was first written down in [27], and was derived
more recently in [23, 28]. The degeneracy of the 5d theory is closely related and explicit formulas
have been known for some time [29].
To go from the microscopic to macroscopic pictures, one dials a single parameter which is
the type IIB string coupling gs at infinity. In both the regimes, the string coupling remains
small, but the ’t Hooft couplings g2sn, g
2
sQ1Q5 are small in the microscopic D-brane picture and
large in the macroscopic supergravity picture.
As mentioned above, the microscopic decay rate calculation in the canonical ensemble
essentially reduces to a calculation of the entropy including the finite charge effects. In the
infinite charge limit, one could use Cardy’s formula to estimate the degeneracy of states. In
our problem, we are faced the problem of estimating the degeneracy of states in the dilute gas
region when n ≪ Q1Q5 in the D1-D5 system in the type IIB theory i.e. a highly off-Cardy
limit. One can dualize the system to bring it into a Cardy limit in the heterotic frame, but
in this case, the exact SCFT description at low energies is not known3. However, precisely
3One typically encounters NS5-branes in the dual system for which one does not know how to compute the
density of states to the required order of precision.
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this problem was encountered and overcome for the entropy [30, 31], and we can safely borrow
the corresponding results for the entropy estimates. This was done using the large group of
modular transformations underlying the system in the N = 4 situation. We shall always work
in this regime of charges in this paper, sometimes referred to as the heterotic Cardy limit.
To summarize, we find that in the same regime of charges 1 ≪ n ≪ Q1Q5, both the
microscopic and macroscopic calculations give:
σabs = 4GNS , (1.1)
where S is the Wald entropy of the black hole.
Organization of the paper
In section §2, we discuss the string theory setup and the corresponding black hole solutions. We
review the four-derivative effective action of string theory. We review the classical solutions,
their near-horizon limit and and discuss how they change on the addition of four derivative
terms. In §3, we discuss the classical decay rate calculation of black holes. We review the
pole method to compute the scattering cross section, and then apply it to the stringy-corrected
black holes of interest. In §4, we discuss the microscopic calculation of the decay rate in the
two-dimensional conformal field theory describing the system. In §5, we end with a discussion
of our results and of new calculations that may be interesting to study.
2. Black holes in string theory
We consider four and five dimensional black holes in type IIB string theory compactified on
K3 × T 2 and K3 × S1. In the five dimensional theory, the black hole carries Q1 units of D1-
brane charge wrapped on S1, Q5 units of D5-brane charge wrapped on K3 × S1, and n units
of momentum on S1. In the four dimensional theory, there is an additional charge which is a
KK monopole corresponding to the S˜1 circle, where the T 2 is represented as S1 × S˜1.
By string-string duality in six dimensions, the above compactifications to four and five
dimensions can be equivalently described by heterotic string theory on T 4 × T 2 and T 4 × S1
respectively where the parameters of the T 4 and the Wilson lines of the heterotic theory are
related to the parameters of the K3 in the IIB description. In the heterotic frame, the five
dimensional black hole hasQ1 units of momentum along S
1, Q5 units of F-string charge wrapped
on S1, and n units of NS5-brane charge wrapped on T 4 × S1. In the four dimensional theory,
there is in addition, one KK monopole corresponding to the S˜1 circle as before.
The four and five dimensional black holes described above are related by the 4d-5d lift
[23]. The 5d black hole can be obtained by zooming in on the region near the tip of the KK
monopole in four dimensions where it approximates flat space. In particular, the near-horizon
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geometries of the two black holes are identical, and since the entropy functions depend only
on the near-horizon values of the fields [3], the entropy functions expressed in terms of the
potentials are also identical. However, the actual microscopic values of the entropies in terms
of the charges differ at subleading order in the large charge expansions (i.e. at order α′ in the
macroscopic theory) [30]. In the macroscopic description, this difference arises because of the
mixed gauge-gravitational Chern-Simons coupling in five dimensions
∫
d5xA ∧ R ∧ R which
gives a contribution to the right hand side of Maxwell’s equation in the four derivative theory
[32]. This causes a shift in the definition of the charges in the 4d and 5d theories and thus to
the entropy when expressed in terms of the charges, reproducing the 4d and 5d microscopic
results exactly [30].
Since this small difference is well-understood both in the microscopic and macroscopic
pictures, we shall work here with the 4d black hole for convenience. We shall express our
results in terms of the geometric parameters of the 4d black hole. To get the final results
for the scattering cross section in terms of the charges, we shall then substitute the values of
the parameters in terms of the charges. The expression for the cross section for the 5d black
hole in terms of the geometric parameters is be the same (since it is determined by the near-
horizon parameters). In order to obtain the corresponding results for the 5d black hole, we
shall substitute the slightly shifted values for the parameters in terms of the 5d charges. This
should become clear in the end of the following subsections.
To compute the corrections to the scattering cross section arising at order α′, we will need
the action of the theory at four-derivative level. To this end, we use the known complete
action of heterotic string theory in ten dimensions at order α′ [25]. The theory in four and five
dimensions arise upon compactification on a T 6 and T 5. We shall simply use the dimensional
reduction of the ten dimensional action, an approximation which is justified in the classical
theory. More precisely, the approximation is valid in a regime when the string coupling is
parametrically small everywhere and the size of the torus is finite in strings units, both of
which shall be true in our solution.
To summarize, we will simply work with the three/four charge solutions to the heterotic
10d string action. These have been discussed (in the supergravity limit α′ → 0) in [33], [34].
We will discuss the classical solutions in §2.1 and the corrections to the near-horizon geometry
in the extremal limit in §2.2.
2.1 The classical three-charge and four-charge black hole
We are interested in heterotic string theory on T 4 × S1 × S˜1. The ten-dimensional action for
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the metric, dilaton and the two form potential4 is:
S(0) =
1
2κ2
∫
d10x
√−g e−2Φ
(
R + 4 (∂Φ)2 − 1
2
|H3|2
)
, (2.1)
where 2κ2 = (2π)7l8sg
2
s . The solution
5 for the three-charge black hole is [33]:
ℓ−2s ds
2
10 =
1√
h1(r)h5(r)
(
−f(r)dt′2 + dx′52
)
+
√
h1(r)
h5(r)
dxidx
i+
√
h1(r)h5(r)
(
dr2
f(r)
+ r2dΩ2S3
)
,
(2.3)
where the thermal and the harmonic functions are given by:
f(r) = 1− r
2
0
r2
, h1,5(r) = 1 +
r21,5
r2
. (2.4)
Here (t′, x′5) are the boosted coordinates:(
t′
x′5
)
=
(
cosh σ − sinh σ
− sinh σ − cosh σ
)(
t
x5
)
(2.5)
and the second term in (2.3) corresponds to T 4 with the volume (2π)4V . There is also a
non-constant dilaton and the NS-NS 3-form:
e2Φ =
h5(r)
h1(r)
, ℓ−2s H(3) = 2r
2
5ǫ3 + dh1(r)
−1 ∧ dr ∧ dx5. (2.6)
Here ǫ3 =
1
8
dθ ∧ sin θdφ ∧ dψ is the 3-sphere volume form.
The solution has three independent parameters r1, r5, r0 and σ. From the quantized charges
of the H(3)-form:
Q5 ≡ 1
(2π)6 ℓ6s
∫
S3×T 4
e−2Φ ⋆10 H(3) and n ≡ 1
(2π)2 ℓ2s g
2
s
∫
S3
H(3) (2.7)
we find:
r21 =
Q5
V
and r25 = g
2
sn . (2.8)
4All the solutions that we shall discuss involve only these fields as we turn off the heterotic gauge fields.
5One way to get this solution is to follow the chain of dualities from type IIB to the heterotic theory described
in the introduction to this section. Practically, one can simply use the following chain of steps: first, we S-dualize
the type IIB solution:
G′µν = e
−ΦGµν , Φ
′ = −Φ , B′(2) = C(2) , (2.2)
thus reaching at the type IIB solution with purely NS-NS flux. This is also a solution of the heterotic action
which is identical to the type II action in this sector.
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The numbers Q5 and n correspond to the number of fundamental strings and NS5-branes
respectively6. The third charge in the model is the quantized momentum along the compact x5
direction:
Q1 =
R2V
2g2s
r20 sinh(2σ). (2.9)
Here 2πR is the periodicity of the x5 coordinate which is a free parameter of the solution.
Finally, in terms of the parameters r0,1,5 and σ, the effective left and right temperatures
are:
TL =
1
2π
r0e
σ
r1r5
, TR =
1
2π
r0e
−σ
r1r5
(2.10)
and so the Hawking temperature (T−1H =
1
2
(T−1L + T
−1
R )) is:
TH =
1
2π
r0
r1r5 cosh σ
. (2.11)
From the form of TR in (2.10) it is evident that the extremal limit is given by σ →∞. Notice
though that merely sending σ to infinity, the momentum n in (2.9) also becomes infinite. In
order to retain a finite n (and TL!) in the extremal limit we have to simultaneously take r0 → 0
while keeping the parameter:
rn ≡ r0 sinh σ (2.12)
fixed. Notice that TH still goes to zero as expected.
It is important to address the validity of the supergravity approximation. Apart from the
small string coupling gs → 0 requirement we have to ensure that all the scales involved in the
metric (2.3) are large compared to the string scale ℓs. This includes the parameters r1, r5 and
the physical radius of the circle S1 everywhere in spacetime7. We keep the volume of T 4 to be
finite in string units. From (2.8) and (2.9), we get8:
g2sn≫ 1 , Q5 ≫ 1 , g2sQ1 ≫ 1 . (2.14)
Let us now address the geometry described by the metric (2.3) for various ranges of the
radial coordinate. For r ≫ r0, r1,5, the solution asymptotes to ten dimensional flat space. In
the near-horizon region r0 ≪ r ≪ r1,5, the six-dimensional part of the solution describes a BTZ
6Note that the names of the integer charges refer to the dual type II system discussed above.
7In the following, we will see that in the extremal limit, the radius of the circle near the horizon is r1, while
at infinity, it is equal to R. Both of these parameters should be large.
8This can be achieved by scaling:
gs ∼ λ−1 , n ∼ λ3 , Q5 ∼ λ , Q1 ∼ λ3 , where λ→∞ . (2.13)
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black hole9 times a three sphere S3. Finally, for the “very-near horizon” region r ≈ r0, this
part of the solution is AdS2 × S1 × S3 [35].
We will be interested in evaluating a near-horizon quantity in the extremal TH → 0 limit.
As explained in [3, 36, 16], this can be achieved by taking the near-horizon limit and the
extremal limit simultaneously so as to get an “AdS2 black hole”. To be a bit more specific, we
cannot study scattering form the black hole directly in the extremal limit since for TH = 0 the
horizon is pushed to an infinite distance, and the scattering problem is ill defined as such. To
remedy this we can follow [3, 36, 16] where we take the near horizon limit and the extremal
limit simultaneously always keeping the horizon at a finite distance. To this end, we introduce
new coordinates:
r2 = r20
z + z0
2z0
, t = −z0 r1r5
4rn
e2σ ·τ , x5 = r1 ·χ4+z0 r1r5
4rn
(e2σ−2) ·τ and ψ = 2χ5 , (2.15)
where χ4,5 are periodic with period 2π. Taking the (r0, σ) → (0,∞) limit keeping rn in (2.12)
fixed, we arrive at:
g−1s ℓ
−2
s ds
2 =
v1
16
(
−(z2 − z20) dτ 2 +
dz2
z2 − z20
)
+
v2
16
(
dθ2 + sin2 θ dφ2
)
+
+ u21
(
dχ4 +
1
2
e˜1(z − z0)dτ
)2
+ u22
(
dχ5 − 1
2
K cos θ dφ
)2
+ dxidx
i ,
e−2Φ =
g2s
V
uS
u1u2
, ℓ−2s H(3) =
1
2
v1u
2
1
v2uS
w · dτ ∧ dz ∧ dχ4 + 4π v2u
2
2
v1uS
e˜3 · dθ ∧ sin θdφ ∧ dχ5 . (2.16)
In terms of the original extremal parameters10 r1, r5 and rn:
v1,2 =
4r25
gs
, u1 =
rn√
gs
, u2 =
r5√
gs
, e˜1 =
r5
rn
, e˜3 = − V
8πgs
rnr
2
1
r5
, uS =
V
gs
rnr
2
1
r5
. (2.17)
We have introduced a new parameter K, which takes the value K = 1 for the five dimensional
black-hole solution (2.3) that we began with. (2.16) is a solution to the heterotic string action
(2.1) for any value of K, and it is the near-horizon limit of the near-extremal black hole (in
the sense explained above) for a black hole carrying four charges when the heterotic theory
is further compactified on a circle S˜1. The charge K as explained in the introduction to this
section corresponds to the Kaluza-Klein monopole number in going from five dimensions to four
dimensions. The meaning of the other charge w appearing in H(3) will be clear in a moment.
Before proceeding, it is worth mentioning that due to the time re-scaling in (2.15), the
Hawking temperature (2.11) goes to the limiting finite value:
TH =
z0
2π
. (2.18)
9The standard radial coordinate of the BTZ space is given by ρ2 = r2 + r20 sinh
2 σ.
10In (2.16) we re-introduce g−1s as an overall metric factor in order to be consistent with the results of [37],
where gs was set to one. As a result, in our notations the parameters v1,2, u1,2,S and e˜1,3 are gs-independent.
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The temperature of the extremal black hole is of course TH = 0. The meaning of this finite
value is that for all scattering processes off the black hole, the physical answers in the extremal
limit can be computed by considering the above geometry (2.16) with the effective temperature
(2.18). The parameter could be thought of as the finite position of the horizon. We could
have changed the value of the parameter z0 by changing the limiting process slightly, reflecting
the ambiguity of the “finite” position of the horizon. In all classical calculations (like all the
ones we do in this paper), this ambiguity does not affect the answer. Indeed the parameter z0
eventually drops out of all our physical calculations.
Starting from the general ansatz (2.16) one can solve for the free parameters using the
entropy function formalism [3]. The solution can be summarized as the minimization of a
certain scalar function E of the near-horizon parameters, called the entropy function. This
function is constructed so that its value at the extremum is equal to the Wald entropy of the
black hole in the extremal limit.
We present the extremal background (2.16) using the conventions of [38], where the entropy
function for the two derivative theory was calculated. The same notations were also adopted
in [37] for the calculation of stringy corrections. Our conventions are different in two minor
aspects which are still worth mentioning. First, the authors [38, 37] set ℓs = 4 while we prefer
to keep ℓs explicitly in the formulae. This explains the 1/16 factors in the metric. Second,
χ4 and χ5 are equal to x4/ℓs and x5/ℓs of [37]. Finally, z0 = 0 in [38, 37]. Their conclusions,
however, are still directly applicable also for z0 6= 0.
With these remarks, we can now cite the entropy function of [38] for the solution11 (2.16):
E0
2π
=
Q1e˜1
2
−4πne˜3−v1v2uS
4
(
− 1
v1
+
1
v2
+
(
u1e˜1
v1
)2
+
(
8π
u2e˜3
v1uS
)2
−
(
u2K
v2
)2
−
(
u1Q5
v2uS
)2)
,
(2.19)
Minimizing with respect to v1, v2, u1, u2, uS, e˜1 and e˜3 we get:
v(0)1,2 = 4Kn , u
(0)
1 =
(
Q1
Q5
)1/2
, u(0)2 =
( n
K
)1/2
, u(0)S =
(
Q1Q5
Kn
)1/2
e˜(0)1 =
(
KnQ5
Q1
)1/2
, e˜(0)3 = −
1
8π
(
KQ1Q5
n
)1/2
. (2.20)
Here the (0) subscript reminds us that (2.20) does not include stringy corrections. As discussed
in the introduction to this section, the above near-horizon parameters can be related to the 5d
black hole charges with the simple relation [4], [30]:
(Q1, Q5, n)5d = (Q1, Q5, n+ 1)4d . (2.21)
These values which minimize the entropy function of course agree with the original solution
(2.17).
11The charges in [38] can be identified with ours as (n,w,N ′,W ′) = (Q1, Q5,K, n).
– 11 –
2.2 Stringy corrections
Stringy effects on low energy physics can be summarized as higher derivative corrections to
the Einstein action, suppressed by a corresponding power of the string length. Such higher
derivative theories have been considered in great detail in the context of corrections to black
hole entropy (see e.g. the review [3], and in the specific heterotic context in [37], [39], [40]). We
shall consider here the complete four derivative action of string theory in ten dimensions [25]
dimensionally reduced to four or five dimensions.
The corrections to the R2-type terms that we discuss below come from a four graviton
amplitude in ten dimensions and are protected by supersymmetry. Due to the decoupling of
the hypermultiplets and the vector multiplets, these terms do not receive any contributions from
the moduli of the T 6 [41, 42]. There are non-trivial heterotic 5-brane instanton contributions
to these amplitudes, but they can be suppressed by taking the heterotic string coupling to be
small everywhere in spacetime and the volume of the torus to be fixed and finite in string units.
From (2.20), we see that this is achieved by our scaling of the charges namely the dilute gas
approximation, or the heterotic Cardy limit 1≪ Kn≪ Q1Q5.
A more direct argument which justifies the dimensional reduction is the following12 – in
ten dimensions, one can start from the tree level action due to the heterotic coupling being
small as mentioned above. Since the black hole does not carry any momentum modes along the
torus, there is a consistent truncation at tree level where all the Kaluza-Klein modes carrying
momentum can be set to zero. These arguments were given in the study of black hole entropy13.
[37].
The ten-dimensional heterotic string action to four derivative order is [24, 25, 26]:
S = S(0) + S
′
(1) + S
′′
(1) , (2.22)
where S(0) is the two derivative action (2.1) and:
S ′
(1)
=
1
2κ2
α′
8
∫
d10x
√
− det g e−2Φ
(
RklmnR
klmn − 1
2
RklmnH
kl
p H
pmn
−1
8
H mnk HlmnH
kpqH lpq +
1
24
HklmH
k
pqH
lp
r H
rmq
)
. (2.23)
12We thank A. Sen for explaining this argument to us.
13In the context of supersymmetric black hole entropy, it has often proved to be sufficient to keep only a certain
class of higher derivative terms (F-type, Gauss-Bonnet etc). These may be justified using non-renormalization
theorems using or the near-horizon symmetry or supersymmetry. Although we will take an extremal limit at
the end of our calculations, the process we are studying is intrinsically non-BPS and it is not a priori clear that
any special type of action captures this physics. It would be interesting to understand if and why any such
phenomenon happens.
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The last term S ′′(1) in (2.22) is due to the fact that in the α
′-corrected theory the NS-NS H(3)
form is not closed anymore:
H(3) = dB(2) + 3α
′Ω(3) . (2.24)
Here Ω(3) is the gravitational Chern-Simons 3-form satisfying:
dΩ(3) = −1
8
R(2) ∧ R(2) . (2.25)
Substituting (2.24) into (2.1) one finds an additional contribution S ′′
(1)
to the four-derivative
action.
Once we turn on stringy corrections, (2.3)–(2.8) is no longer a solution. We expect to find
an asymptotically flat solution at any order in α′. In general, a full analytic solution has not
been found, but there is numerical evidence for the existence of such a black hole solution [32].
However, for our purposes, we will need only the very near-horizon solution in the extremal
limit which always has the form (2.16) above since this is the most general solution consistent
with the emergent isometries in this limit [43]. The values of the parameters v1, v2, etc will of
course receive corrections compared to their values in the two derivative theory (2.20), e.g. we
would not expect v1 = v2 anymore.
Once we restrict our attention to the very near horizon solution (2.16) we can use the results
of [37] where the entropy function for the Ansatz (2.16) and the α′-corrected action (2.22) were
calculated for the first time perfectly matching the microscopical expectations. As was pointed
out in [37] one cannot apply directly the Wald formula (and as a consequence the entropy func-
tion formalism) to the action (2.22) because the Chern-Simons 3-form cannot be rewritten in a
manifestly covariant form (in other words it doesn’t depend on the Riemann tensor explicitly).
The way to deal with the Chern-Simons term was explained in [44]. One should first introduce a
new 3-form K(3) which serves as a Lagrange multiplier for (2.24) and then dimensionally reduce
the action to four dimensions. A new 4d action obtained this way is manifestly covariant and
the application of the entropy function formalism is now straightforward14.
For the four-derivative action (2.22) the entropy function is [37]:
E = E0 + E ′1 + E ′′1 , (2.26)
where E0 is given in (2.19), E ′1 corresponds to the (2.23) contribution and E ′′1 takes into account
the Chern-Simons term due to (2.22). It was found in [37] that:
E ′1
2π
= −2v1v2uS
[
1
2v21
+
1
2v22
− 3u
2
1e˜
2
1
v31
− 3u
2
2
v32
K2 +
11
2
u41e˜
4
1
v41
+
11
2
u42
v42
K2 − u
2
1
v1v
2
2u
2
S
Q25−
14The same result for the BTZ black hole entropy was later derived in [45] based only on Wald’s Noether
charge argument.
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−64π2 u
2
2e˜
2
3
v21v2u
2
S
+
u41e˜
2
1
v21v
2
2u
2
S
Q25 + 64π
2 u
4
2e˜
2
3
v21v
2
2u
2
S
K2 − 10 u
4
1
v42u
4
S
Q25 − 10240π4
u42e˜
4
3
v41u
4
S
]
(2.27)
and:
E ′′1
2π
= 4
(
1− 2u
2
1
v1
e˜21
)
u21
v1
e˜1Q5 − 32π
(
1− 2u
2
2
v2
K2
)
u22
v2
e˜3K . (2.28)
To find the entropy form the entropy function it suffices to find the values that minimize (2.19)
and plug it into (2.26). Indeed, the α′-corrections to the minimizing solution of (2.26) will
contribute only at the order α′2 once the solution is plugged back into (2.26), and therefore
these corrections can be neglected in the entropy calculation. For our goals in the next section,
however, we will need the α′-corrections of v1, v2 and some other parameters. A straightforward
analysis shows that the α′-expansion parameter for our dimensionless parameters is (Kn)−1.
The simplest way to see this is to notice that according to (2.20) at the leading order the
curvature of both the AdS2 and the S
2 in (2.16) goes as v−11,2 ∼ (Kn)−1 and thus the curvature α′-
corrections should be supressed by the (Kn)−1 factor. Let us denote by v(1)1 the first subleading
term in the α′-expansion of v1:
v1 = v
(0)
1 + v
(1)
1 (2.29)
and similarly for the other parameters v2, uS, u1, u2, e˜1 and e˜3. One finds that the following
set minimizes (2.26) [39]:
v(1)1 = 4 , v
(1)
2 = 12 , u
(1)
1 = −
3
2Kn
√
Q1
Q5
, u(1)2 =
3
2Kn
√
n
K
,
u(1)S = −
2
Kn
√
Q1Q5
Kn
, e˜(1)1 =
2√
Kn
√
Q5
Q1
, e˜(1)3 =
1
4πKn
√
KQ1Q5
n
. (2.30)
3. The scattering cross section and decay rate
3.1 The classical result
The scalar plane wave scattering in the (near)-extremal version of type IIB background dual to
the heterotic solution of the previous section was thoroughly analyzed in [8] and [9], following
the recipe of Unruh [46]. As we mentioned in the introduction, for very low energies the total
absorption cross section is equal to the horizon area, as consistent with the microscopic calcula-
tion. To arrive at this result one has to consider a minimally coupled scalar in this background,
which is the most general form at low energies for any linear scalar perturbation. Since an
analytic solution for the emerging Klein-Gordon equation is not known for the entire range of
the radial coordinate, one considers three different regimes and then glues the corresponding
solutions in a smooth way.
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In the outmost region r ≫ r1,5, the metric essentially becomes flat and so the solution is
given by a superposition of an incoming and an outgoing spherical wave15. As we move into the
r ≈ r1,5 region the two independent solutions are r−2 and a constant. Once we approach the
horizon, however, the Schwarzschild coordinates become singular and we have to switch instead
to the non-singular Eddington-Finkelstein coordinates16, about which we shall say more in
the next subsection. In the new coordinates the Klein-Gordon equation once again yields an
infalling and an outgoing solution. In order to find the absorption cross section we should use
the former.
Now, starting from the chosen solution near the horizon, we can move outwards and glue the
solutions on the different patches. In this manner, one computes the ratio between the incoming
and the outgoing waves in the asymptotic infinity. Knowing this ratio, one can calculate the
absorption probability. This is not yet the final answer though, since the microscopic calculation
is performed with a plane wave at infinity. Rewriting the s-wave in terms the plane wave, the
authors of [8, 9] found the scattering cross section which is exactly the horizon area. This result
was later generalized in [13] to low energy scattering in an arbitrary black hole background,
with exactly the same conclusion – the low energy cross section is universally equal to the
horizon area.
3.2 Scattering cross sections and the pole method
In the above subsection, we described the conventional calculation of the cross section as a
ratio of fluxes falling on the black hole in a general two derivative theory17. Unfortunately
that for higher derivative theories, it is not clear how to define the scattering process from
asymptotically flat space since the plane waves are not the only solutions18. The approach we
shall use here computes the low-energy cross section by evaluating the on-shell action and its
derivative on a certain slice of spacetime. Similar ideas have been discussed in [50], [51]. The
advantage of this procedure is that it naturally generalizes to a theory of higher derivatives.
The final expression for the cross section for a scalar field ψ scattering off a black hole can
be summarized in a very simple formula in the spirit of [15, 16], that we shall describe in this
subsection.
Roughly speaking, the idea is as follows – using the optical theorem, one relates the scatter-
ing cross section to the imaginary part of the forward scattering amplitude in flat space. This
amplitude can be then thought of as a limit of a certain retarded Green’s function computed
on a radial slice in spacetime. This Green’s function is defined in one less dimension and in
15These s–waves are described by Bessel functions.
16The new radial coordinate is also called the tortoise coordinate.
17There are other ways to define the cross section which are equivalent to this one [47].
18One way to overcome this is to use the physical notion that the new solutions are suppressed by α′, and are
therefore spurious [48], [49].
– 15 –
this sense holographic19. To match this Green’s function with the bulk scattering amplitude,
one solves for the radial momentum of the field using its mass-shell condition.
Remarkably, at low energies the cross section calculated this way is independent of the value
of the radial coordinate where one evaluates the Green function [15] and, in particular, it can
be evaluated at the horizon20. Following the proposal of [16] we will adhere to this definition of
cross section also for higher derivative cases in which case as well there is no radial flow. The
only difference is that the radial momentum should now be calculated for a Lagrangian with
higher derivatives of the fluctuation field. This proposal is based solely on the field regularity
at the horizon as we shall sketch below.
One assumes the general form of the metric to be [16]:
ds2 = gab dx
adxb =
L2
z − z0 e
2g(z)dz2 + gµνdx
µdxν ,
gµν = −(z − z0)e2f(z)dt2 + e2ρ(z)dxidxi , (3.1)
where the functions f(z), g(z) and ρ(z) are regular for any z > z0. The horizon is at z = z0,
the boundary is at z = zbdry and the Hawking temperature is:
TH =
1
4πL
ef(z0)−g(z0) . (3.2)
It is not difficult to see that the near horizon limit of the metric (2.3) is very similar to (3.1).
It is not quite of this form as such, since there is an additional sphere factor. However, this
sphere is perfectly regular at the horizon and will not affect our conclusions21.
We are interested in a scattering process due to a scalar perturbation ψ of the metric. To
study the scattering we have to expand the metric perturbation only to quadratic order. In the
next section we shall explain precisely which fluctuation we are to consider. For the moment it
will be enough to notice that up to two derivatives any such perturbation leads to the action
of a minimally coupled scalar field:
S(2)ψ = −
1
4κ
∫
dnx dt dz
√−g (∇ψ)2 . (3.3)
19In a truly holographic context like the fluid-gravity correspondence, this is really a Green’s function of a
certain operator living on the boundary of AdS, which is related to the transport coefficients appearing in the
Kubo formula for the fluid living on the boundary [52], [53]. In our case we do not have any precise notion of a
boundary theory since we are in asymptotically flat space.
20In this sense the method now appears to be deeply connected to the black hole membrane paradigm.
21Strictly speaking, we can compactify on this sphere and compute the cross section “per unit area”, but we
shall quote the final results after multiplying it back. In practice, we can simply work with the ten-dimensional
metric.
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Here z is the radial coordinate, dnx corresponds to the rest of the coordinates not including
time22.
Next, let us ignore for simplicity the spatial dependence of ψ and denote by ψω(z) the
Fourier transform of ψ(z, x) with respect to all coordinates but the radial one:
ψ(z, x) =
∫
dnk dt
(2π)n+1
ψω(r)δ(k)e
kµxµ , (3.4)
where kµ = (ω,k). The formula for the two derivative theory follows from the optical theorem:
σabs = 16πGN lim
z→zbdry
lim
ω→0
Im
πψ(ω, z)
ωψ(ω, z)
, (3.5)
where:
πψ(ω, z) =
δSψ
δ(∂zψ(−ω, z)) (3.6)
is the radial conjugate momentum to the field ψ, and z is the location of the radial slice which
should be taken to the asymptotic boundary value zbdry where one has flat Minkowski space.
One nice feature of the low energy limit that we consider is that the quantity related to
the aforementioned “holographic” retarded Green function:
lim
ω→0
Im
πψ(ω, z)
ωψ(ω, z)
(3.7)
does not have any radial evolution [15] and we can therefore evaluate the right hand side of
(3.5) at any value of the radial coordinate z, and in particular at the horizon z = z0:
σabs = 16πGN lim
z→z0
lim
ω→0
Im
πψ(ω, z)
ωψ(ω, z)
. (3.8)
The expression on the right hand side can be checked to be proportional to the horizon area
AH =
∫
dnx
∣∣
z=z0
, and we make sure that the constant above is correct by demanding that the
expression is equal to the area to match the known flat space result.
For a general theory with higher derivative α′-corrections to (3.3), one does not a priori
have a universal form of the action like in (3.3). However, any higher derivative effective action
can always be re-written near the horizon as (3.3) with κ replaced by an effective κ˜ [16]. The
derivation is based only on the regularity of the action (and its solution) near the horizon.
As we already mentioned in the previous subsection, the regularity of the field ψ(z, t) near
22The perturbation scalar ψ(z, x) is related to the scalar field φ(r, x) of [15, 16] by ψ = φ/
√
2. This latter
re-scaling is introduced in order to match the formulae of this subsection to the particular fluctuation we are
interested in (to be a bit more specific, the 2κ factor in (3.3) comes from the Einstein action coefficient in the
supergravity action, while the remaining 2 factor comes from the ψ-expansion).
– 17 –
the horizon implies that it necessarily depends only on one of the two Eddington-Finkelstein
coordinates, the infalling or the outgoing:
∂
∂v
∂
∂u
ψ(z, t)
∣∣∣∣
horizon
= 0 , where dv ≡ dt +
√
−gzz
gtt
dr and du ≡ dt−
√
−gzz
gtt
dr . (3.9)
Remarkably, for this statement to hold, the only condition on the metric is that gzz diverges
as (z − z0)−1, gtt vanishes like (z − z0), while all other metric components are regular near the
horizon at z = z0. In terms of ψω(z) the second order differential equation in (3.9) can be recast
as: [
ψ′′ω(z) +
ψ′ω(z)
z − z0 +
ω2
(4πTH)
2
ψω(z)
(z − z0)2
]∣∣∣∣
z=z0
= 0 , (3.10)
where we used the definition of the Hawking temperature in terms of gzz and gtt near the
horizon. This equation in turn is solved by:
ψω(z) ≈ ψ0 exp
(
±i ω
4πTH
log(z − z0)
)
. (3.11)
Here the ± corresponds to the infalling and the outgoing solutions.
Following [16] we can now write the most general effective action that reproduces (3.10)
near the horizon as its equation of motion (EOM):
S(2)eff ≈
1
4κ˜
∫
dnx
∫
dω
2π
∫
z0
dz
√−g (gzzψ′ω(z)ψ′−ω(z) + gttω2ψω(z)ψ−ω(z)) + . . . (3.12)
for some constant κ˜. The full Lagrangian of course does contain other higher derivative terms.
In practice, one can explicitly integrate out the higher order terms in a consistent manner
and bring the effective Lagrangian to the above form upto boundary terms. These possible
boundary terms are denoted in (3.12) by the . . . .
In general, derivation of the effective two-derivative action from the full higher derivative
action might be a formidable task. It requires integrating out all modes except for the two
lowest ones, as, for example, was done in [19]. Astonishingly, according to the observations
of [16], all we need to know for our purposes is only the form of the effective action near the
horizon, which is unambiguously (up to a choice of κ˜) given by (3.12). This is the essence of
the pole method of [16] that we will very briefly describe in the remainder of this subsection.
For the two-derivative case we have κ = κ˜ and the action (3.12) is actually equivalent to
(3.3) near the horizon. In this case, using (3.12), we can explicitly check that the cross section
equals the area of the horizon. For the general case, the general form of the action (3.12)
instructs us to simply replace πψ in (3.8) by the generalized conjugate momentum Πψ which
can depend on higher derivatives as well [16]. This has the same formal definition as in the two
derivative case:
Πψ(ω, z) =
δSψ
δ(∂zψ(−ω, z)) , (3.13)
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but one now has to be careful about potential ambiguities arising from boundary terms. This
issue was addressed by [16], and the final prescription is that one only keeps terms in the action
quadratic in ψ and such that ψ always appears differentiated. Importantly, the quantity (3.7)
with πψ being replaced Πψ is still independent of the radial coordinate. Putting all these pieces
together, one can present the final formula in many different ways23. The two which we use are
called in [16] the time pole formula:
σabs
16πGN
= −8π TH lim
ω→0
Res
z→z0
δL|ψ(τ)=e−iωτ
ω2
(3.14)
and the radial pole formula:
σabs
16πGN
= 8π TH lim
ω→0
Res
z→z0
δL|
ψ(z)=e
i ω
4piTH
log(z−z0)
ω2
. (3.15)
The derivation of these formulae relies on the solution (3.11) and the fact that in terms of the
generalized radial momentum Πψ the effective action reads:
S(2)eff =
1
2
∫
dzΠψ(z)ψ
′
ω(z) . (3.16)
3.3 Stringy corrections to the cross section
We want to apply the method discussed in the previous section for the four-derivative action
(2.22). In this paper we are interested only in a scalar perturbation that comes from the metric
perturbation along the flat T 4 directions. To be more precise, denoting the torus directions in
the metric by i = 6 . . . 9, our plane wave scattering process is due to the following fluctuation:
δg67 = ψ(r, t). (3.17)
To apply the pole formula (3.14) we have to substitute (3.17) into the full four-derivative action
(2.22) and to expand it to the second order in ψ(r, t) around the background (2.16). This will
produce plenty of terms. It is worth remembering though, that terms with no time or radial
derivatives (depending on what formula we choose in (3.14)), of ψ cannot contribute to (3.14).
This leaves only the Riemann tensor terms or the CS term contribution S ′′(1). The latter does not
contribute as can be shown by a straightforward and a slightly tedious calculation. Moreover,
among the three terms depending on the Riemann tensor in (2.22) the second term in (2.23)
also does not contribute since the H(3) form has no legs along the 6, 7 directions. To sum up,
we have to expand only the R and R2 = RklmnR
klmn terms from (2.1) and (2.22) respectively:
δS =
1
2κ2
∫
d10x
√
− det g e−2Φ
(
δR +
α′
8
δR2
)
+ irrelevant terms . (3.18)
23We have not rigorously derived these formulas from the conventional definition of the scattering amplitudes,
we postpone a careful analysis of this problem for the future [54].
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Although by construction the time and the radial formulae (3.14) eventually lead to the same
results, we prefered to use the time version because it slightly shortens the computations.. For
ψ = ψ(τ) we have:
ℓ2s δR =
16
v1
· ∂
2
τ (ψ
2)− 1
2
(∂τψ)
2
(z2 − z20)
+ . . . , (3.19)
and:
ℓ4s δR
2 =
1024
v21
·
[ 1
2
∂2τψ − z2(∂τψ)2
(z2 − z20)2
+
u21e˜
2
1
v1
· (∂τψ)
2
(z2 − z20)
]
+ . . . , (3.20)
where, again, the . . . stands for the terms with no derivatives. Dropping the total time deriva-
tives and using (2.18) we arrive at:
8πTH lim
ω→0
Res
z→z0
δR
ω2
= − 16
v1ℓ2s
and 8πTH lim
ω→0
Res
z→z0
δR2
ω2
= −1024
v1ℓ4s
(
1− 2
(
u1e˜1
v1
)2)
. (3.21)
We are now in a position to calculate the total cross section. Using (3.14), (3.18) and (3.21)
we find:
σabs = 2πGNv2uS
(
1 +
8
v1
(
1− 2(u1e˜1)
2
v1
))
. (3.22)
In the above expression, we should now substitute the values of the various fields at first and
second order derived above in (2.20) and (2.30). The scattering cross section then can be
written as:
σ4dabs = 8πGN
√
Q1Q5Kn
(
1 +
2
Kn
)
. (3.23)
All this was for the four dimensional black hole. For the five dimensional case, as was
discussed in section §2.1, we simply need to use (2.21) to derive:
σ5dabs = 8πGN
√
Q1Q5n
(
1 +
3
2n
)
. (3.24)
As was already advertised in the introduction these results are precisely four times the
entropy and in the next section we will re-derive this result in the microscopic D-brane picture.
4. The microscopic decay rate
In this section, we shall compute the rate of emission of a low energy scalar from a near-extremal
system of branes, to sub-leading order in the large charge approximation. In particular, we will
consider the D1-D5-P system in IIB string theory in five dimensions, and the related four charge
system in the four dimensional theory obtained by the addition of a KK-monopole.
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The leading order calculation [9] was done in the canonical ensemble, but in the infinite
charge limit, the choice of statistical ensemble is of course immaterial. To go beyond the leading
order estimate and to consider finite charge effects, we first need to decide a choice of statistical
ensemble, which we do in §4.1. In §4.2, we shall discuss the system under consideration in
different duality frames, and derive thermodynamic relations in each frame. Having done this,
we find that the rest of the calculation essentially follows the leading order calculation of [9]
very closely, which we then sketch in §4.3.
4.1 Choice of ensemble in the near-extremal system
The leading order calculation was originally done in [9] by considering the thermodynamics of
the gas of open string modes living on the D-branes. The decay process is that of open strings
annihilating to form a closed string which runs off to infinity. At low energies, this is dominated
by two massless open strings annihilating to form a graviton. One then has to average over
initial states and sum over final states.
A more modern approach is to consider the two dimensional field theory describing the
D-brane system coupled to gravity in asymptotically flat space. At low energies, one can ignore
the massive stringy modes on the D-branes, and one gets a two dimensional SCFT on the
effective string. This effective string wraps a circle of radius R which provides an external scale
to the theory. One then considers the amplitude of the coupling of various vertex operators in
this SCFT to the external graviton, and then averages over various vertex operators [55].
There are many subtle issues in this approach which arise from the fact that the energy
spectrum on the effective string is discrete [56]. An obvious issue is that because of the mass
gap in the spectrum, an external bulk mode with very low energies will not couple to the string.
However, if we take the limit R/ℓs ≫ 1, the spectrum is well approximated by a continuum,
and there is a non-zero coupling of the bulk mode even in the extreme low-energy limit. In this
limit, there are two other nice features that we obtain. Firstly, we can restrict our attention
to the lowest energy modes on the effective string i.e. the “naive” coupling of the D-branes
to the external theory by the Born-Infeld action (or equivalently a disk amplitude with one
closed string insertion). Secondly, one can approximate all the sums appearing in the average
by integrals. To summarize, we use the setup used in the leading order calculations [9, 11] (in
which these approximations were implicitly or explicitly made). Essentially, one can treat the
problem as a 1 + 1 dimensional gas of massless particles carrying energy and momentum, and
the coupling given by the geometric embedding of the D-branes in spacetime.
The system we consider is excited slightly above extremality. To model the system as a
statistical system, we think of the supersymmetric ground states of the string as the reservoir
with energy = momentum = k/R, with k ≫ 1. The physical energy measured in string units is
E ≡ kℓs/R. On top of this, we excite the system with energy ω ≪ E. By standard statistical
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arguments, the probability P (ω) that the full system exists in the state E+ω obeys the relation:
P (ω1)
P (ω2)
= exp(S(E + ω1)− S(E + ω2)) , (4.1)
where S(E) = logΩ(E) with Ω(E) being the exact degeneracy of states of the system.
To compute the statistical average of any quantity using the distribution P (ω), we do a
Taylor expansion around E:
P (ω) = K exp
(
S(E) +
∂S(E + ω)
∂ω
∣∣∣∣
ω=0
· ω + · · ·
)
, (4.2)
where K is a fixed constant of proportionality and the higher terms are suppressed by higher
powers of ω. It is clear then that if we are only interested in computations in the limit ω → 0, all
quantities can be computed by keeping only the first term in the above expansion. This means
that in the extreme low energy limit, the exact distribution function can be simply replaced by
the the canonical ensemble with fixed temperature given by:
1
T
≡ ∂S(E + ω)
∂ω
∣∣∣∣
ω=0
. (4.3)
With this temperature, one can use the canonical distribution function:
ρ(E) =
1
eE/T ∓ 1 , (4.4)
where the − sign is for bosons and the + sign is for fermions.
4.2 The conformal field theory in different duality frames
Most examples of black holes in string theory descend from an effective black string wrapped
around a circle in a string compactification. An effective description of this system is as a
string wrapping a circle S1 of radius R w times. The mass gap on a string wrapping the circle
is naively is 1/R, but due to the winding, it is reduced to 1/wR. This is interpreted as the
lowest momentum mode on a long string that has an effective length L = 2πwR [57].
On this long string, there is an effective conformal field theory with central charge ceff which
is typically small, it describes the geometric motion of one long string in the internal spacetime.
If we consider the thermodynamics of the 1 + 1-dimensional gas of massless modes on the long
string, we find quite generally the entropy-temperature relation [9]:
S =
ceff
6
πLT . (4.5)
We will now be more precise and describe our system of interest. As discussed in the
previous sections, there are different dual descriptions of the system we consider. The best-
understood one in the microscopic setting is the IIB theory compactified on K3 × S1, with
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D1-D5-P charges. The dual heterotic description involves a compactification on S1 × T 4 with
P-F1-NS5 charges. Due to the presence of the NS5-brane, the low energy limit is not as well
understood per se. One can go to four dimensions by compactifying on another circle S˜1 an
adding a Taub-NUT charge associated with this circle.
In the type IIB frame, the supersymmetric configuration consists of D5-branes wrapping
K3 × S1, D1-branes wrapping S1, and momentum on S1 with net charges (Q1, Q5, n) as con-
sidered in the macroscopic calculation. All the momentum is purely left-moving to ensure
supersymmetry. In the extreme low energy limit, one recovers a two-dimensional superconfor-
mal field theory with target space:
(Sym)Q1Q5+1(K3)× R4 , (4.6)
with the Hamiltonian L0 = n [1], [4]. Due to the symmetric product structure, the Hilbert
space splits up into sectors with different number of twists. These twists can be thought of
as an effective winding around the spacetime circle, and one identifies L = 2πQ1Q5R. The
spacetime energy of a mode with quantum number n is E = n/R.
The entropy of this system at leading order follows from Cardy’s formula S = 2π
√
Q1Q5n.
The entropy formula is actually known to subleading order in each of the charges [30], and this
has been recently extended to an exact formula24 25 in the limit when one of the charges is
infinite and the other two are finite [4]. This formula is derived using the known structure and
symmetries of the N = 4 partition function, and the relation between the 4d and 5d theories:
Entropy formulas for the five dimensional theories with three charges (Q1, Q5, n)
S = 2π
√
Q1Q5n , n→∞, (Q1, Q5) fixed ; (4.7)
S = 2π
√
Q1Q5(n+ 3) , Q1 →∞, (Q5, n) fixed . (4.8)
The first of these is in a Cardy limit in the IIB description with cIIB = Q1Q5, L
IIB
0 = n,
while the second can be thought of as a Cardy limit in the dual heterotic description with
cHet = Q5(n+3), L
Het
0 = Q1. The extra symmetries of the N = 4 theory thus give us some new
knowledge of the low energy conformal field theory describing the heterotic system.
The entropy formula in the four dimensional theory is also known, in this case there is an
spacetime electric-magnetic duality relating the two different descriptions and we have:
24More precisely, the formulas presented below are for a supersymmetric index. In [4], there is a careful
discussion of the conditions under which the index and degeneracy are equal. Here, we shall make the standard
assumption that due to the pairing of long multiplets, the index is the relevant quantity.
25Similar formulas have appeared in the literature based on the computation of the entropy to first subleading
order [39].
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Entropy formulas for the four dimensional theories with four charges (Q1, Q5, n,K)
S = 2π
√
(Q1Q5 + 4)nK , n→∞, (K,Q1, Q5) fixed ; (4.9)
S = 2π
√
Q1Q5(nK + 4) , Q1 →∞, (K,Q5, n) fixed . (4.10)
Here we discuss K = 1. In all the 4d and 5d formulas, we can also introduce another charge
corresponding to the angular momentum of the five-dimensional black hole, we will not do so
here.
Now, in any theory with physical energy E = n/R and a Cardy-like entropy-energy relation:
S = 2π
√
ERc/6 + b , (4.11)
we can derive a relation between the entropy and the temperature:
1
T
=
∂S
∂E
=
2πRc/6
2
√
ERc/6 + b
(4.12)
or:
S = π (2πcR/6)T . (4.13)
We can apply this to our theory of interest since the entropy formulas (4.7), (4.9) are indeed
Cardy-like. The relation (4.14) holds for the three-charge and the four-charge system in all
ranges of charges as long as one of the charges is very large. In this case, c/6 = Q1Q5 which is
the effective winding number of the long string, and so we get:
S = π LT , (4.14)
consistent with the general relation (4.5) with ceff = 6 as is the case for the D1-D5 system.
4.3 The decay rate for large but finite charges
In this subsection, we will summarize the calculation of [9], keeping however, the charges large
but finite. We take the system to be away from extremality at a non-zero temperature TH as
in the previous sections. We further make the dilute gas approximation26 n ≪ Q1Q5 which
implies that the typical amplitude of oscillations of the effective string is smaller than the typical
wavelength of oscillations. This allows us to ignore the interactions between the left and right
movers [9, 11].
26Here, we shall still keep n≫ 1 so that we can consider the BPS string as a large reservoir. We shall therefore
only consider the first correction to the leading order formula. More generally, we can consider n to be finite
and use the heterotic description of the system. In that case, we shall be in the Cardy limit as mentioned above,
so we can use the exact formulas (4.8),(4.10).
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In this case, one has the decoupled left and right moving theories with their own effective
thermal distributions governed by the temperatures TL and TR with:
1
TH
=
1
2
(
1
TL
+
1
TR
)
. (4.15)
The temperatures TL,R are determined by demanding that the total number of left and right
movers are fixed. The thermodynamic relations found in the previous subsection all hold for
the chiral theories as well, in particular:
SL,R = πLTL,R . (4.16)
The amplitude for annihilation of two massless open string states into a graviton can be
read off from the Born-Infeld action or from a disk diagram27 [58]. One chooses static gauge
and identifies the two dimensions of the effective string to be X0, X1 of spacetime. If the open
strings carry momenta (p0, p1), (q0, q1) and the graviton has momentum (k0, k1, ~k) where ~k is
the momentum in the directions transverse to the string, the amplitude is given by28:
A =
√
2 p · q . (4.17)
Putting in the kinematic factors, the decay rate for a pair of open strings to produce a closed
string with k1 = 0 is:
Γ(p, q, k) =
κ2d 4π
2
4L
δ(p0 + q0 − k0)δ(p1 + q1 − k1) |A|
2
p0q0k0
ddk
(2π)4
, (4.18)
where d = 4, 5, L = 2πQ1Q5R. The constants κ
2
5 = κ
2/2πRVT 4 and κ
2
4 = κ
2
5/2πR˜ where VT 4 is
the volume of the compact T 4, and R and R˜ are the radii of the two circles S1 and S˜1.
To compute the total decay rate, one has to average over initial configurations:
Γ(k) =
∫
∞
−∞
Ldp1
2π
∫
∞
−∞
Ldq1
2π
Γ(p, q, k) ρ(q0, q1) ρ(p0, p1) , (4.19)
where ρ(p0, p1) is the thermal distribution function with temperature TH . We assume the
graviton has no momentum along the string direction, so p1+q1 = 0, and since the open strings
are massless, p · q = p0q0 − p1q1 = 2|p1|2. Using the above expression (4.18), one finds:
Γ(k) =
κ2dL
k0
(
k0
2
)2
ρL(k0/2) ρR(k0/2)
ddk
(2π)d
, (4.20)
27One should really average over the coupling of the various operators in the SCFT. As was shown in [55], in
this limit, the average can be replaced by the coupling to a single operator. A more careful computation of the
one-point function from first principles remains to be done. We thank S. Mathur for emphasizing this point.
28The
√
2 is a symmetry factor for the off-diagonal graviton h67.
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where ρL,R are the thermal distribution functions of the left and right movers with temperatures
TL,R. Expressing the various quantities in terms of the charges and the energy of the graviton,
we have:
Γ(k) = κ2dL
ω
4
ρL(ω/2) ρR(ω/2)
ddk
(2π)d
. (4.21)
Using the detailed balance condition:
Γ(ω) = σabs(ω)
1
eω/TH − 1
ddk
(2π)d
, (4.22)
we can read off the absorption cross section:
σabs(ω) = κ
2
dL
ω
4
eω/TH − 1
(eω/2TL − 1)(eω/2TR − 1) . (4.23)
We are interested in the limit TH → 0, which implies TR ≪ TL and TH ≈ 2TR. In the low
energy limit ω ≪ TL, ρL(ω/2) ≈ 2TL/ω, so the cross section reduces to:
σabs =
κ2d
2
LTL . (4.24)
Plugging in the entropy-temperature relation (4.12) for the left movers, and noting that κ2d =
8πGd we get:
σabs = 4GNSL . (4.25)
All these calculations apply equally for four and five dimensions.
As a final note, we compare the regimes of validity of the microscopic and macroscopic
calculations. Both of them are performed with control when the charges obey29:
1≪ n≪ Q1Q5 . (4.26)
In addition, the microscopic D-brane regime needs g2sn, g
2
sQ1Q5 ≪ 1, while the gravity calcu-
lation requires the opposite one (2.14). To go between the two, we need to tune the modulus
gs.
5. Discussion
Our calculations throw up interesting issues and new directions to pursue, we list some of them
here. Some of these issues are currently being studied [54].
29As we mentioned, one can push the microscopic one to the case where n is finite.
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1. The agreement of the leading order scattering calculations in the D1-D5 system was
explained by the non-renormalization theorem of certain quantities in the underlying
SCFT [10]. This argument30 needed (4, 4) supersymmetry on the SCFT, and did not
really rely on the large charge limit. Our calculation for the five dimensional black hole
can be thought of as an explicit computation of these quantities in the SCFT. For the
four dimensional case, our results point to similar results in the underlying (0, 4) SCFT.
It would be interesting to come up with non-renormalization arguments in this case.
2. Our microscopic derivation was fairly general in that we only assumed an effective string
description. With this assumption, we get an answer σabs = 4GNS. This suggests that
we should look for arguments in the macroscopic theory which relies on an underlying
AdS3. Relatedly, the AdS3 helped in writing an exact entropy formula (to all orders in
α′). Can we do the same for σabs?
3. The entropy calculations actually agree in the two pictures even beyond any kind of Cardy
limit, and there is an exact transcendental function which captures the full answer. It
would be interesting to see if this can be done for the scattering cross section.
4. It would be very interesting to study the small black hole [61] case using similar techniques
as ours.
5. It is of course important which field we use to scatter. Here we use the scalar which
comes from dimensional reduction of the ten dimensional metric. What is the answer for
other scalars? Other amplitudes like scattering of vector, graviton are also interesting to
calculate. Even if they vanish to leading order, we can still compare the rate of vanishing
and the coefficients [62].
6. Finally, it is interesting to note that the form of our answerσabs = 4GNSmicro looks a lot like
the relation η = s/4π between the viscosity and the entropy density in the fluid-gravity
correspondence [53]. Since we are computing the two point function of an off-diagonal
transverse graviton, it is indeed very similar on the gravity side of the calculation. Since
we are in asymptotically flat space, it is not clear if there is a dual fluid description as in
the AdS context – note however the recent work [63]. It would be interesting to make the
various connections precise. In particular, this ratio was found to change upon including
higher derivative corrections in AdS space. It would be interesting to see if our calculation
can be generalized to other extremal black holes in asymptotically flat space.
30In this context, recent developments have been made in [59], [60].
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